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Robust Flutter Margins of an F/A-18 Aircraft
from Aeroelastic Flight Data

Rick Lind* and Marty Brenner'
NASA Dryden Flight Research Center, Edwards, California 93523-0273

It is essential to determine flight conditions at which aeroelastic instabilities occur. Flight-test methods can be
dangerous and costly, whereas analytical methods may not accurately predict the flutter boundary. An approach
to computing flutter boundaries based on the structured singular value is presented. The aeroelastic system is for-
mulated in a robust stability framework by parameterizing around dynamic pressure and introducing uncertainty
operators to account for modeling errors. Flight data can be used to validate the robust system model and increase
accuracy of the flutter margin estimate. Flutter margins are generated for the F/A-18 Systems Research Aircraft
using this method and traditional methods. Extensive flight data from conditions throughout the flight envelope
are analyzed to determine the levels of uncertainty in a theoretical model. The robust margins demonstrate that the
flight conditions for flutter may lie closer to the flight envelope than previously estimated by traditional analysis.

Nomenclature
damping matrix
stiffness matrix
mass matrix
= unsteady aerodynamic force matrix
dynamic pressure
weighting for plant input uncertainty
structured uncertainty operator
state matrix uncertainty operator
plant input uncertainty operator
= perturbationin dynamic pressure
= structured singular value
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I. Introduction

EROELASTIC flutteris a potentiallydestructiveinstabilityre-

sulting from an interactionbetween aerodynamic,inertial, and
structural forces.! Design of a new aircraft, or even a configuration
change of a current aircraft, requires study of the aeroelastic stabil-
ity before a safe flight envelope can be determined. The aeroelastic
community has identified several areas of research that are essen-
tial for developing an accurate flutter test program.? These areas
focus on the dramatic time and cost associated with safely expand-
ing the flight envelope to ensure no aeroelastic instabilities are en-
countered.

An important research topic for aeroelasticity engineers is the
development of more confident flutter or instability margins. Flight
envelope expansion is a dangerous and costly process due to poor
flight-testmethods of predicting flutter.? These methods usually rely
on trackingmodal dampingtrends, estimated from flight data, which
are not always accurate indicators of flutter onset. Often the error
in the estimates is quite large and trends may show little variation
until a drastic and sudden change near flutter.

Several analytical methods were developedto determine the con-
ditions for aeroelastic instability. A traditional method, known as
the p—k method,* utilizes a structural model coupled with equa-
tions for the unsteady aerodynamics. This method is based on a
finite element model of the aircraft and does not directly consider
flight data from the physical aircraft. Another method is based on a
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parameter estimation algorithm that utilizes flight data to formulate
elements of a state-spacemodel.’ This method suffers from poor ex-
citation and data measurements that may lead to inaccurate modal
parameters.

A novel approach to computing flutter instability boundaries is
developed that utilizes a theoretical model while directly account-
ing for variations with flight data. The aeroelastic stability problem
is formulated in a framework suitable for well-developed robust
stability theory. Flight data are analyzed to describe a set of uncer-
tainty operators that account for variations between the theoretical
model and the physical aircraft. A robust stability measure known
as the structured singular value u (Ref. 6) is used to compute flutter
boundariesthat are robust to these variations. In this sense, a worst-
case flutter boundary is computed that directly accounts for flight
data.

This method presents several advantages to traditional flutter
boundaryestimation methods. The analytical systemis able to better
representthe aircraftdynamics by couplingthe finite element model
with actual flight data through the uncertainty operators. The result-
ing robust margins are guaranteed to be worst case with respect to
the indicated amount of modeling uncertainty. This procedure may
greatly reduce the time and cost associated with experimental flight
envelope testing because the instability limits may be more accu-
rately and confidently identified. Additionally, the uncertaintylevels
in the theoretical model may be determined using flight data from
a safe flight condition without requiring the aircraft to approach a
flutter instability point.

Robust, or worst-case, flutter margins for the F/A-18 Systems Re-
search Aircraft(SRA) are computed. The F/A-18 SRA is being flown
at NASA Dryden Flight Research Center with a wing tip excitation
system shown in Fig. 1. This aircraft is a two-seat configuration
fighter with production engines. Recent flutter testing was initiated
due to a structural modification to the left wing. Internal fittings and
external fairings had to be replaced with larger and heavier items
to accommodate advanced aileron concepts to be implemented and
flown. The flight data presented in this paper were generated using
the new attachments but with a standard aileron.

The flutter resultsrepresenta significantimprovementto accepted
flutter results for the F/A-18 SRA computed using the traditional
p-k method. Nominal flutter margins computed using the ¢ method
but ignoring all uncertainty operators are shown to match closely
with the p—k method flutter margins. This result lends validity to
the 1 method as an accurate indicator of flutter instability. Directly
accounting for modeling uncertainty and flight data variations in
the p-based flutter analysis generates robust flutter margins that are
more conservative than the nominal margins. These robust flutter
margins are accepted with more confidence than the nominal mar-
gins because they are based on flight-test data rather than a purely
theoretical model.
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Fig.1 F/A-18 wing with wing tip exciter.

II. Robust Stability and p

Any aeroelastic model is an approximate representation of the
aircraft dynamics. Inaccuracies in the model, such as errors in coef-
ficients and unmodeled dynamics, must be considered in the stability
analysis and control synthesis procedures. Uncertainty operators are
included in the system model to account for these inaccuracies in
the robust stability framework.

The uncertainty operator A is allowed to lie within a norm
bounded set. This leads to the consideration of a family of plant
models. Weighting matrices are usually included in the p frame-
work to normalize the uncertainty norm bound to unity

A={AAle=1}

The structured singular value p can be used to determine robustness
of the plant to structured modeling uncertainty. The . framework al-
lows for arich class of uncertainty descriptions to accurately account
for variations with the true physical system. Two types of blocks,
repeated scalar and full block matrices, are used to define uncer-
tainty operators. Real parametric uncertainty is allowed to enter the
problem as a scalar or repeated scalar element, whereas complex
uncertainty may enter as scalar, repeated scalar, or full block.
Define the structured singular value u,

1
min{G (A) : A € A, det(] — PA) =0}

w(P) =

with w(P) = 0if no A exists such that det(/ — PA) = 0. Singular
value  is an exact measure of robustness for systems with structured
uncertainty. The inverse of u can be interpreted as a measure of the
smallest destabilizing perturbation. The system is guaranteed to be
robustly stable for all uncertainty operators bounded by the smallest
destabilizing value.

Unfortunately, u is difficult to compute. Upper and lower bounds
for u have been derived, which utilize two sets of structured scal-
ing matrices.” These scaling matrices are similar in structure to the
uncertainty block structure and commute with the uncertainty ele-
ments. An upper bound can be written as a linear matrix inequality
by considering a maximum eigenvalue condition utilizing the struc-
tured scaling matrices.®

III. Robust Flutter Margin Formulation

A. Linear Aeroelastic Model
Consider the generalized equation of motion for the aeroelastic
response of the aircraft®:

Mi+Cn+Kn+gQ(s)n=0

For a system with n modes, define M € R"*" as the mass matrix,
C € R"*" as the damping matrix, and K € R"*" as the stiffness
matrix. Here, g € R is a scalar representing the dynamic pressure,
and Q € C"*" is the frequency varying matrix of unsteady aero-
dynamic forces.

Values of the aerodynamic force matrix at distinct frequencies can
be derived using finite element models of the aircraft and panel meth-
ods for unsteady force calculations. A computer program developed
for NASA known as STARS? is utilized. This code solves the sub-
sonic aerodynamic equations using the doublet lattice method.!" The
supersonic forces are generated using a different approach known
as the constant panel method. !

The unsteady aerodynamic forces are fit to a standard finite-
dimensional state-space system. At low frequencies near the flutter
modes, this form encompasses the traditional Padé approximation
and low-order Roger'? formulations, which use lag terms for the
transient aerodynamics,

Ag | Bg
0(s) =[ ]:DQ+CQ(s1—AQ)—‘BQ

Co | Dg

Given the number of structural modes, n, and the number of aerody-
namic states, ng, define Ag e R"¢*"¢, By eR"¢*", Cy € R* ™",
and Dy € R"*" as the state-space elements of Q(s).

A state-space system is formulated utilizing the generalized
states, n and 7, and the unsteady aerodynamic states x. The state
update matrix is determined by the following three linear equations:

i 0 I 0 n
i|=|-M"YK+@Dhg) —-M~'C —gM'Cyl||n
X BQ 0 AQ X

B. Parameterization over Flight Condition

The p-analysis method considers stability over a range of flight
conditions to determine the onset of flutter. This is accomplished
by parameterizing the state-space system model around dynamic
pressure. The generalized equation of motion is a linear function
of g so that perturbations to this parameter can enter as a linear
fractional transformation.® The u will treat the perturbation as a
system uncertainty, and the resulting stability margin will indicate
what changes in dynamic pressure will cause the onset of flutter.

Consider an additive perturbation, §; € R, on the nominal dy-
namic pressure gnom,

g = Gnom + 8{,

Replace g with the perturbed form in the generalized equation of
motion and separate terms involving the perturbation &;. Introduce
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this perturbation as an external operator affecting the nominal sys-
tem. Additional input and output signals, w and z, are associated
with the nominal system to relate the perturbation operator,

w=5(7z

The nominal state-space aeroelastic model is formulated with the
additionalsignalsto accountfor the parameterizationof the dynamic
pressure. Define the plant P(s) such that z = P(s)w, where z and
w are determined by the following equations:

n
o
*
Z
0 1 0 0 n
_Mil(K"_énomDQ) _M71C _qnomM71CQ =1 n
By 0 Ao o],
M~'D, 0 Mc, |o "

It is straightforward to demonstrate the robust formulation of the
system with the dynamic pressure parameterization equivalent to
the nominal state-space system given in the preceding section. Sim-
ply compute the closed-loop transfer function with the perturbation
&; = 0, and the nominal system is recovered.

C. Uncertainty Operators

Uncertainty operators are included with the linear system to
model variations between the theoretical system and the physical
aircraft. They also allow the analysis to consider a range of aircraft
dynamics that may change due to variations in parameters such as
mass or variationsin the aerodynamics caused by small deflections
in the aircraft surfaces.

Frequency varying weightings are included with each type of un-
certainty to normalize the variation such that the uncertainty param-
eter is norm bounded by one at every frequency. A large weighting
over a frequency range indicates large errors are possible between
the analytical model and the physical system throughout those fre-
quencies.

Experimental flight data can be used to generate these weight-
ings. Transfer functions of the analytical model can be compared
with experimental flight data transfer functions. Different size per-
turbations are allowed to affect specific system parameters to the
degree that the resulting transfer functions cover the range of exper-
imental flight data.

Model validation algorithms are used to verify that the amount
of uncertainty in the linear model is sufficient to generate the flight
data sets. An algorithm based on pu-analysis of the linear system
with frequency domain flight data'® is used. The model validation
conditionis derived as a standard u calculation.The p value at each
frequencyrelates the required size of perturbationsat that frequency.
This informationis used to compute frequency varying weightingsto
scale the uncertaintyset. The model validationprocedureis repeated
until a small amount of uncertainty is defined that still validates the
model but reduces the conservatismin the resulting flutter analysis.

IV. Robust Flutter Margin

Flutter margins are computed using p-analysis on the param-
eterized linear system with associated uncertainty operators. The
flutter margin is the smallest destabilizing perturbation to dynamic
pressure for the linear system with the given amount of modeling
uncertainty. The u value directly accounts for the associated opera-
tors to compute a worst-case margin with respect to the entire range
of uncertainty.

Nominal flutter margins are computed for the aeroelastic system
with dynamic pressure parameterization but no modeling uncer-
tainty operators. The nominal margins should be similar to tradi-
tional p—k margins because each method utilizes the finite element
model and unsteady aerodynamic forces with no associated uncer-
tainty operators.

Robust flutter margins are determined by computing p with re-
spect to the modeling uncertainty. The margin is the largest pertur-
bation to dynamic pressure for which the system remains stable in
the presence of the norm bounded uncertainty operators. Including
the uncertainty in the analysis will increase the conservatismof the
flutter margin due to the worst-case nature of the u computation.

Value u is a much more informative stability margin and presents
several advantagesas compared to flight flutter test parameters such
as pole location and damping. The conservatismintroducedby con-
sidering the worst-case uncertainty perturbation is a measure of
sensitivity. Robust u values, which are significantly different than
the nominal values, indicate the aircraftis highly sensitive to model-
ing errors and changes in flight condition. The ¢ lower bound com-
putes a worst-caseuncertaintyoperator within the normboundedset,
which provides information about the worst-case system dynamics
and associated flutter mechanism and may extend to indicate active
and passive control strategies for flutter suppression.

Additionally,damping s only truly informative at the point of in-
stabilitybecause stable damping and dampingtrends at a given flight
conditiondo not guarantee what increasesin dynamic pressure may
be safely considered. Value u computes the smallest destabilizing
perturbation, which indicates the nearest flight conditions that will
cause a flutter instability. In this respect, p is a stability predictor
whereas damping is merely a stability indicator.

These characteristics of 4 make the worst-case flutter algorithm
especially valuable for flight-test programs. Aeroelastic flight data
can be measured at a stable flight condition and used to evaluate un-
certainty operators. The 1 method, unlike damping estimation, does
not require the aircraft to approach instability for accurate predic-
tion. Value p can be computed to update the stability margins with
respect to the new uncertainty levels. The worst-case stability mar-
gin then indicates what flight conditions may be safely considered
for safe and efficient expansion of the flight envelope.

V. Aeroelastic Flight Data
A. Excitation System

Extensive flight data from the F/A-18 SRA are used to generate
uncertainty descriptions for an analytical aircraft model.'* Over 30
flights were conducted in two sessions between September 1994
and February 1995 and between June 1995 and July 1995 at NASA
Dryden Flight Research Center. Each flight performed maneuvers
for differentconditionsthroughoutthe flight envelope. A total of 260
differentdata sets are generated from various conditionsthroughout
the flight envelope.!

The aeroelastic flight data are generated using an external struc-
tural excitation system developed by Dynamic Engineering Incor-
porated (DEI). This DEI exciter is a modification of an excitation
systemused for F-16 XL flutter research.!®!” The system consists of
a wing tip exciter, an avionics box mounted in the instrumentation
bay, and a cockpit controller.

Aerodynamic forces are generated by the wing tip exciter. This
exciterconsistsof a small fixed aerodynamic vane forward of arotat-
ing slotted hollow cylinder. Rotating the cylinder varies the pressure
distribution on the vane and results in a wing tip force changing at
twice the cylinder rotation frequency. The magnitude of the result-
ing force is determined by the amount of opening in the slot. The
F/A-18 aircraft with a left-side wing tip exciter is shown in Fig. 1.

The cockpit controller commands a frequency range, duration,
and magnitude for the wing tip excitationsignal. Frequency varying
excitation is generated by changing the cylinder rotation frequency
with sine sweeps. Each wing tip exciter is allowed to act in-phase,
0 deg, orout-of-phase, 180deg, with each other. Ideally, the in-phase
data excite the symmetric modes of the aircraft and the out-of-phase
data excite the antisymmetric modes.

Flight data sets are recorded by activating the exciter system
at a given flight condition. The aircraft attempts to remain at the
flight condition throughout the series of sine sweeps desired by
the controller. The sine sweeps were restricted to within 3 and
35 Hz. Smaller ranges were sometimes used to concentrate on a
specific set of modal responses. Multiple sets of either linear or log-
arithmic sweeps were used with the sweep frequency increasing or
decreasing.
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Fig.2 Flight data transfer function from symmetric excitation to left
wing leading-edge accelerometer at Mach = 0.8 and 30,000 ft.

B. Data Analysis

Aeroelastic flight data generated with the DEI exciter system are
analyzed by generating transfer functions from the excitation force
to the sensor measurements. Figure 2 presents a flight data transfer
function generated with Fourier analysis. There are several inherent
assumptions associated with Fourier analysis that are violated with
the flight data. The assumptions of time-invariant stationary data
composed of sums of infinite sinusoidsare not met by these transient
response data. The analysis presented is based on Fourier analysis,
althoughcurrentresearchinvestigateswavelettechniquesto analyze
the flight data.'’

The excitation force is not directly measured but rather a strain
gauge measurement is used to estimate this force. The strain gauge
records a pointresponseat the exciter vane root, which is considered
representativeof the distributed excitation force load over the entire
wing surface. Vane root strain is assumed to be directly proportional
to the vane airloads due to excitation.

There are several undesired behaviors demonstrated by these ex-
citers in flight.!” The exciters displayed erratic behavior at higher
dynamic pressures due to binding in both the motor drive mecha-
nism and rotating cylinders. At low dynamic pressures the system
operated better but still displays some phase drift between the left
and right cylinder rotations. Additionally, excitation sine sweeps of
increasing frequency generally excited differentmodes than sweeps
of decreasing frequency despite identical flight conditions.

The effect of the poor approximationto inputforce and the erratic
behavior of the exciters is to reduce the quality of the flight data.
Methodsrelyingon systemidentification fail to accuratelyutilize the
data to predicta flutter boundary.'® The u methodis able to account
for the data anomalies by including greater levels of uncertainty.

VI. Aircraft Model
A. Nominal Theoretical Models

The generalized equations of motion are used to derive a lin-
ear, finite-dimensionalstate-space model of the aircraft. This model
contains 14 symmetric structural modes, 14 antisymmetric struc-
tural modes, and 6 rigid-body dynamic modes. The control surfaces
are not active, and no control modes are included in the model.

A finite element model of the SRA is used to compute the modal
characteristics of the aircraft. Frequencies of the dominant modes
for flutter are presented in Table 1. These modal frequencies are
computed for the aircraft with no aerodynamics considered. The
predicted flutter results for this aircraft are computed from the finite
element model using the p-k method. A detailed explanation of the
SRA flutter analysis using traditional methods is given in Ref. 19.

The doublet lattice and constant panel methods are used to com-
pute the frequency varying unsteady aerodynamic forces for several
subsonic, transonic, and supersonic Mach numbers. Force matrices
for Mach numbers M = 0.8,0.9,0.95,1.1, 1.2, 1.4, and 1.6 are
available. The unsteady aerodynamic forces are computed as a

Table1l Modal frequencies

Mode Symmetric, Hz  Antisymmetric, Hz
Wing first bending 5.59 8.84
Fuselage first bending 9.30 8.15
Wing first torsion 13.98 14.85
Wing second bending 16.95 16.79
Wing outboard torsion 17.22 e
Fuselage second bending 19.81 18.62
Fuselage torsion e 24.19
Wing second torsion 29.88 29.93

function of reduced frequency &,
k= ow(c/2V)

The reduced frequency is a function of the true frequency o,
the true velocity V, and the mean aerodynamic chord ¢. Aerody-
namic forces generated for 10 reduced frequency points between
k=0.0001 and k =4 are sufficient for flutter margin computation
for this aircraft.

The unsteady aerodynamic forces are fit to a finite-dimensional
state-space system. The system identification algorithm is a fre-
quency domain curve fitting algorithmbased on a least squares min-
imization. A separate systemis identified for each column of the un-
steady forces transfer function matrix. Fourth-orderstate-spacesys-
tems are used for each column of the symmetric forces and second-
order state-space systems are used for each column of the antisym-
metric forces. These systems are combinedto form a single multiple-
input and multiple-output state-space model of the unsteady aero-
dynamics forces, previously designated Q(s), with 56 states for the
symmetric modes and 28 states for the antisymmetric modes.

The analytical aeroelastic model has inputs for symmetric and
antisymmetric excitation forces. It is assumed the excitation force
will be purely symmetric or antisymmetric. There are six sensor
measurements generated by accelerometers at the fore and aft of
each wing tip and on each aileron.

B. Uncertainty Descriptions

Noise and uncertainty operators are introducedto the linear aero-
elastic model to accountfor variations between the analyticalmodel
and the actual aircraft. Standard analysis of the linear model is used
to determine the framework for how uncertainty operators enter
the system. Two uncertainty operators and a single noise input are
used to describe the modeling uncertainty in the linear aeroelastic
model. The magnitude of each uncertainty operator and the noise
level is determined both from reasoning of the modeling process
and analysis of the flight data.'*

An uncertainty operatorA , is associated with the state matrix of
the F/A-18 linear model. This uncertainty models variationsin both
the natural frequency and damping values for each mode. State ma-
trix uncertainty canaccountfor errorsin coefficients of the equations
of motion and changes in the aircraft dynamics due to parameter
variations such as mass consumption during flight.

A , is a structured diagonal matrix with real scalar parameters as
elements. Separate elements are used to affect each modal response
and time lag in the state matrix. The modal response uncertainty
parameters are each repeated two times, whereas each time lag un-
certainty appears once on the diagonal.

Each repeated modal uncertainty parameter affects natural fre-
quency and damping by allowing variation in the state matrix ele-
ments. Consider formulating the state matrix as block diagonal with
a2 x2blockrepresentingeachmode. The real componentof a modal
eigenvalue e, is the diagonal component of each block whereas the
imaginary part e; is arranged on the off-diagonal positions. Define
A; as the block determining the natural frequency ; and damping
¢ of the ith mode,

AI- _ [ €; w; = \/erz + el-z
—€ ¢ g = —e,/ ;

Scalar weightings, w, and w;, are used to affect the amount of un-
certainty in each matrix element. The amount of variation in the
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matrix elements and correspondingly the amount of variationin the
natural frequency and damping are determined by the magnitude of
these scalar weightings. Define e, and &; as elements of the state
matrix affected by an uncertainty parameter o,

e, =e(1+two) e =e¢(1£w0)
Aeroelastic modes typically show low damping values caused by
the real component being quite small as compared to the imaginary
component. Because linear modeling techniques often identify the
natural frequency better than the damping value, the weighting for
the real componentis expected to be larger than that for the imagi-
nary component. This is reflected by the observed modal parameters
in the flight data. The natural frequencies show variations of £5%
from the theoretical model whereas the uncertainty in the damping
needs approximately £15% to validate all of the flight data. The
scalar weightings are chosen accordingly:

w, =0.15 w; = 0.05
The flight data are only able to determine uncertainty levels for the
modal parameters of the experimentally observed modes. It is as-
sumed the uncertainty levels in the unobserved modes should be
consistent with these values. Parametric uncertainty is introduced
for each modal block in the state matrix, affecting observed and
unobserved modes, with the weighting values already given.

The single scalar blocks of A 4 are normalized to 1 by weighting
theireffecton the time lags of the state matrix. Variationsobservedin
the flight data are used to determine that a weighting of wj,; = 0.15
is required to admit 15% variation in the time lags.

The second uncertainty operator, A ;,, is a multiplicative uncer-
tainty on the force inputto the linear model. This uncertaintyis used
to cover nonlinearities and unmodeled dynamics. The linear model
contains no dynamics above 40 Hz and so the high-frequencycom-
ponent of this operator will reflect this uncertainty. This operator is
also used to model the excitation uncertainty due to the DEI exciter
system. Analysis of the flight data indicates the input excitation sig-
nals rarely had the desired magnitude and phase characteristics that
they were designedto achieve. The low-frequency componentof the
input uncertainty reflects the uncertainty associated with the excita-
tion system used to generate the flight data. The frequency varying
transfer function for weighting the input uncertainty is given as

s + 100

Wi =5———
s 4+ 5000

A noise signal is included with the sensor measurements. Knowl-
edge of the aircraft sensors is used to determine that a level of 10%
noise is possible in the measured flight data. An additional noise
may be included on the force input due to the excitationsystem, but
it is decided that the input multiplicative uncertainty is sufficient to
describe this noise.

The block diagram for the aeroelastic model with the uncertainty
operatorsis givenin Fig. 3. These uncertaintydescriptionsandlevels
are used to cover the variations between the analytical model and
the flight data over the entire flight envelope.

The flight data used to validate this uncertainty structure cover a
large range of flight points. The entire set of 260 flight maneuvers
throughoutthe flight envelope is considered: Mach € [0.6, 1.6] and
altitude € [10,000, 40,000].

. b
noisc
—Jj Ay | Win —I
e —L F/A-18 d
Ay

Fig. 3 F/A-18 robust stability block diagram.

Using a single uncertainty description over the entire flight enve-
lope may be conservative.Itis reasonable to assume the linear mod-
els are more accurate at subsonic and supersonic than at transonic.
Additionally, the flight data from the DEI exciter system should be
better at subsonic speeds than at supersonic. However, it simplifies
the analysis process to consider a single set of uncertainty operators.
This processis equivalentto formulating the worst-case uncertainty
levels at the worst-case flight condition and assuming that amount
of uncertainty is possible for the remaining flight conditions.

VII. F/A-18 Flutter Points

A. Nominal and Robust Flutter Margins

Flutter margins are computed for a linear model with the associ-
ated modeling uncertainty structure using the -analysis method 2
Linear systems for symmetric and antisymmetric structural modes
are separated for ease of analysis. These systems can easily be com-
bined and analyzed as a single system; however, eigenvector analy-
sis would be required to distinguish which critical flutter modes are
symmetric and which are antisymmetric. Each system contains the
same number of structural modes, 14, and the uncertainty descrip-
tions are identical for each linear model.

The system given in Fig. 3 contains three uncertainty blocks. The
parametric uncertainty covering variations due to dynamic pressure
& is a scalar parameter repeated 14 times, once for each elastic
mode. The parametric uncertainty block affecting the modal param-
eters,A 4, is a diagonal matrix with dimension equal to the number
of states. Separate scalars along the diagonal represent uncertainty
in each elastic mode, each mode in the aerodynamic force approxi-
mation,and each lag term. The uncertainty parameters for the modes
are repeated two times whereas the parameters for the lag terms are
single scalars. Define o; as the ith uncertainty parameter for the
system with n,, modes and n, lag terms. The input multiplicative
uncertainty block A ;, is a scalar for this single input plant model
because we are analyzing symmetric excitation separately from an-
tisymmetric excitation. The uncertainty block structure is

A= diag{@ﬂm, 6 by 8, 8ty By, A in}

The parametric uncertainty parameters represent changes in ele-
ments of the state-space model. The variation of &; between %1
admits dynamic pressures between 0 < g < 2¢,on,. Allowing the
modal uncertainty parameters, J, ..., &, to vary between =£1 al-
lows 5% variation in the imaginary part of the eigenvalue and 15%
in the real part. This corresponds to approximately 5% variation
in the natural frequency and 15% in the damping value of each
mode. These parameters are real quantities. The multiplicativeinput
uncertainty containsmagnitude and phase informationand s treated
as a complex linear time-invariant uncertainty.

Analytical models of the system at different Mach numbers and
differentaltitudes are used to compute flutter boundaries. Numerical
differencesin the unsteady aerodynamic forces cause the computed
flutter margins to be slightly differentfor plant models with equiva-
lent Mach number but differentaltitude. The flutter margin is chosen
as the worst-case value at the different altitudes analyzed.

Nominal flutter boundariesare initially computed by ignoring the
modal and input uncertainties. The p value is computed only with
respect to the parametric uncertainty allowing a range of dynamic
pressures to be considered. Robust flutter boundaries are computed
with respect to the structured uncertainty set, A , described earlier
using the structured singular value. Traditional flutter boundaries
computed using the p—k method are presented with the nominal
and robust flutter boundaries computed with ¢ in Table 2.

The nominal flutter dynamic pressures computed using the u
method can be directly compared with those computed using the tra-
ditional p—k method."” Each of these flutter solutions are based on
an analytical model with no consideration of modeling uncertainty.

The nominal flutter points for the symmetric modes match closely
with the p—k method throughout the flight envelope. The subsonic
and supersonic cases show an especially good correlation with the
p-k flutter points. For each of these flight regions, the t-analysis
flutter dynamic pressuresare nearly identical, within 1%, to the p-k
method flutter dynamic pressures. The transonic case at M = 1.1,
however, shows a slight difference between the two methods. The
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Table2 Nominal and robust flutter points, critical

LIND AND BRENNER

Table4 Nominal and robust flutter points, subcritical

Symmetric

Antisymmetric

‘?ﬂ—k

dnominal

‘?rnbusl

‘?]l—k

Gnominal

Symmetric

Antisymmetric

‘?mbusl

Mach

‘?p—k

{nominal

‘?p—k

{nominal

3360
2700
2430
5400
2469
3528
4470

3168
2706
2388
5676
2454
3432
4487

2909
2575
2329
4120
2327
3034
3996

4600
3150
2600
5500
2850
4600
5700

4593
3057
2751
3265
2893
4439
5870

3648 0.
2944
2572
2827
2653
4191
4536

_—_—— O
aprio=o

W

7450
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flutter points computed for the 4 and p-k methods are 5% apart,
which is the largest deviation for the symmetric flutter margins for
the Mach numbers considered.

The antisymmetric modes show a similar relationship between
the flutter margins computed with the 4 and p-k methods. The
subsonic and supersonic flutter points are within 5% for the two
methods, but there is a greater deviation at the transonic condition.
The p method computes a flutter margin at M = 1.1 that is 40%
lower than the p—k method indicates.

The nominal flutter points for the ¢4 and p-k methods show the
greatestdifference for both the symmetric and antisymmetricmodes
atthe M = 1.1 transoniccase. The aerodynamicsat transonicspeeds
are more difficult to model accurately than at either subsonic or
supersonic. Numerical sensitivity makes it difficult to accurately
predict the unsteady aerodynamic forces using the panel methods.
Similarly, the linearized approximation to the aeroelastic model at
transonicis suspect. The 1 method makes directuse of the unsteady
aerodynamic forces and the corresponding linear model and is af-
fected by the transonic sensitivities.

The robust flutter margins computed using the 1 method outlined
have lower dynamic pressures than the nominal margin, which in-
dicates the expected conservative nature of the robust computation.
These new flutter points are worst-case values for the entire range of
allowed uncertainty. The subsonicand supersonicflutter boundaries
are not greatly affected by the uncertainty set. In each of these cases,
the robust flutter point is within 10% of the nominal flutter point.

The flutter boundaryat the transoniccase, M = 1.1, demonstrates
significant sensitivity to the modeling uncertainty. The robust flut-
ter dynamic pressures are approximately 70% of the nominal flut-
ter margins. This is explained by considering the rapid transition
of critical flutter boundaries near this region. The critical flutter
frequencies and the flutter dynamic pressure widely vary between
Mach numbers slightly lower and higher than transonic. The small
amount of modeling uncertainty is enough to cause the worst-case
flutter mechanism to shift, and the plant assumes characteristics
more consistent with a nontransonicregime.

The modal natural frequencies for the critical flutter modes are
presented in Table 3. The frequencies computed using the p-k
method and the p-analysis method are close throughout the flight
envelope for both the symmetric and antisymmetric modes. Fre-
quencies for the robust flutter solutions are slightly different from
the nominal flutter frequenciesdue to the modeling uncertainty that
allowed 5% variation in the modal natural frequencies.

Subcritical flutter margins are computed at dynamic pressures
greater than those in Table 2, which indicate flutter instabilities
in additional modes. Only nominal subcritical flutter margins are
detected with the u method because the robust flutter margins are
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always worst-case critical margins. The subcritical flutter margins
are presented for both the 1 and p-k methods in Table 4.

The subcritical flutter margins computed using p analysis are
within 10% of the p—k method subcriticalflutter margins for both the
symmetric and antisymmetricmodes. The 4 method is even able to
detectthe subcritical flutter hump mode occurring for antisymmetric
excitation at the 0.9 Mach number.

B. Matched-Point Flutter Margins

The dynamic pressures at which flutter occurs are converted
into altitudes, commonly known as matched-point solutions, using
standard atmospheric equations. These altitudes are plotted for the
symmetric modes in Fig. 4 and for the antisymmetric modes in
Fig. 5. The flight envelope of the F/A-18 is shown in these plots
along with the required 15% flutter boundary for military aircraft.

Figures 4 and 5 use several short solid lines to indicate the p—
k flutter solutions throughout the flight regime. Each of these short
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solid lines representsthe flutter points due to a specific mode. Flutter
points for the symmetric modes given in Fig. 4 show four solid
lines indicating three different critical flutter modes for the consid-
ered range of Mach numbers along with a subcritical flutter mode
occuring at supersonic Mach numbers. The antisymmetric modes
show the onset of flutter from two different critical modes along
with three subcritical flutter modes throughout the flight envelope
inFig. 5. The frequenciesof the critical flutter modes can be found in
Table 3.

The subsonic flutter altitudes for both the symmetric modes and
the antisymmetric modes demonstrate a similar characteristic. The
nominal flutter boundary shows a significant variation from Mach
number M = 0.8 to 0.95 caused by sensitivity to Mach number for
the aeroelastic dynamics associated with the critical flutter modes.
The robust flutter boundary indicates the sensitivity of the plant to
errors and the worst-case perturbation. The higher altitude for the
nominal flutter boundary at Mach number M = 0.81 than for Mach
number M = 0.80 is reflected in the large conservatism associated
with the robust flutter boundary. Similarly, slight variation of Mach
numbernear M =0.95 is notexpectedto increasethe nominal flutter
boundaryso thatthereis less conservatismassociated with the robust
flutter boundary.

An interesting trend is noticeable for the symmetric mode ro-
bust flutter points in Fig. 4 at the supersonic Mach numbers. The
flutter mechanism results from the same modes from M =1.2 to
1.6 with some increase in frequency. Similarly, the altitudes of the
nominal flutter margins show little change for these Mach numbers.
The aeroelastic dynamics associated with the critical flutter mode
are relatively unaffected by the variation of Mach over this range
and, consequently,each flutter boundary has the same sensitivity to
modeling errors.

The robust flutter margins for the antisymmetric modes at super-
sonic Mach numbersshow a slightly differentbehaviorthan the sym-
metric mode flutter margins. The flutter mechanismis again caused
by a single mode from M = 1.2 to 1.6 with similar frequency varia-
tion as symmetric. The robust flutter margins demonstrate a similar
sensitivity to modelingerrorsat M = 1.2and 1.4butat M =1.6a
greater sensitivity is shown. The greater conservatismat M = 1.6
may indicate impending transition in flutter mechanism from the
subcritical mode at slightly higher Mach number.

The altitudes for each nominal and robust flutter condition are
below sea level with the subsonic flutter conditionsoccuring at alti-
tudes significantly below sea level. These negative altitudes corre-
spond to the dynamic pressure values listed in Table 2 in a standard
atmosphere. The flutter conditions expressed as dynamic pressures
or altitudes convey the same information; however, the matched-
point altitude plots more clearly show the flutter conditions for this
aircraft are not realistic flight points.

The bold solid line in Figs. 4 and 5 represents the required bound-
ary for flutter points. All nominal and robust flutter points lie outside
this region indicating the flight envelope should be safe from aeroe-
lastic flutter instabilities. The robust flutter boundaries computed
with p indicate there is more danger of encountering flutter than
was previously estimated with the p-k method. In particular, the
robust flutter margin for symmetric excitationat Mach M = 1.2 lies
considerably closer to the boundary than the p—k method indicates.

C. Computational Analysis

The p analysis method of computing flutter margins presents
significant analytical advantagesdue to the robustness of the result-
ing flutter margin, but it also has several computational advantages
over the p—k method. The u algorithmrequires a single linear aero-
elastic plant model at a given Mach number to compute critical and
subcritical flutter margins. An entire set of flutter margins may be
easily generated using a standard engineering workstation in a few
minutes using widely available software packages.®

The p-k method is an iterative procedure that requires finding
a matched-point solution.!” The aircraft is analyzed at a particular
Mach number and air density. The airspeed for these conditions
resultingin a flutter instability is computed. This airspeed, however,
often does not correspondto the unique airspeed determined by that
Mach number and air density for a standard atmosphere. Various air
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Fig. 6 Antisymmetric p-k flutter solutions for Mach 1.4: , stan-
dard atmosphere; —, wing second torsion mode; and - - -, trailing-
edge flap rotation mode.

densitiesare used to compute flutter solutions, and the corresponding
air speeds are plotted. An example of an airspeed plot from p-k
flutter analysisis given in Fig. 6.

The vertical lines in Fig. 6 represent two antisymmetric modes
that may flutter at Mach M = 1.4. The p—k method computes a flut-
ter solutionat the airspeedindicated where the modal line crossesthe
standard atmosphere curve. This flutter solution is difficult to com-
pute from only a few air density computations. Typically several air
densities are used to compute airspeed flutter solutions, and a line
is extrapolated between the points to determine the matched-point
solution at the standard atmosphere crossing point. The nonlinear
behaviorshown for the second torsion mode near the standard atmo-
sphere crossing point indicates an accurate flutter boundary would
be extremely hard to predict unless many solutions are computed
near the true matched-pointsolution.

The p-k method also may have difficulty predicting the subcriti-
cal flutter margins. The second mode in Fig. 6 may or may not inter-
sect the standard atmosphere curve. More computational analysisis
required to determine the behavior of this mode at higher airspeeds.
The u-analysis method accurately detects both the critical and sub-
critical flutter margins without requiring expensive iterations.

VIII. Conclusion

A p-analysis method of computing flutter margins is introduced.
This method analyzes robust stability of a linear aeroelastic model
with uncertainty operators. Flight data can be used to formulate the
uncertainty operators to accurately account for errors in the model
and the range of aircraft dynamics observed due to time-varying
aircraft parameters, nonlinearities, and flight anomalies such as
test nonrepeatibility. The u-based approach computes flutter mar-
gins that are robust, or worst case, with respect to the modeling
uncertainty.

Nominal and robust flutter margins are computed for the F/A-
18 SRA aircraft using 1 and p—k methods. The similarity of the
nominal flutter margins demonstrates the p method is a valid tool
for computing flutter instability points and is computationally ad-
vantageous. Robust flutter margins are generated with respect to an
uncertainty set generated by analysis of extensive flight data. These
margins are accepted with a great deal more confidence than pre-
vious estimates because they directly account for modeling uncer-
tainty in the analysis process. The robust flutter marginsindicate the
desired F/A-18 SRA flight envelope should be safe from aeroelastic
flutter instabilities; however, the flutter margins may lie noticeably
closer to the flight envelope than previously estimated.

This method replaces damping as a measure of tendency to insta-
bility from available flight data. Because stability norms generally
behave smoothly at instability boundaries, this method is recom-
mended for preflight predictions and postflight analysis with a min-
imum amount of flight time.
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